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Abstract. For odd n, I write down tensors in C n (g>C n <g)C n of border rank 2n — 1, showing 
the non-triviality of the Young-flattening equations of [7]. I also study the border rank of the 
tensors of Alexeev et. al. [1], showing the tensors T 2 k € C fc ®C 2 ®C 2fe , despite having rank 
equal to 2 k+1 — 1, have border rank equal to 2 k , the minimum of any concise tensor. 
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1. Results 



Let A,B,C be C n . Let T G A®B®C be a tensor, i.e., a bilinear map A* x B* C. One 
says T has rank one if there exists a £ i, & 6 B, and c £ C such that T(a,j3) = a(a)/3(b)c, 
i.e., T = a<8>tec. In this case T can be computed by performing just one scalar multiplication. 
More generally the rank of a tensor T is the smallest r such that T may be written as a sum of 
r rank one bilinear maps, i.e., such that there exist a\, . . . , a r G vl, &i, . . . , b r G £>, ci, . . . , c r G C 
r/j ! such that T = 5Z^=i CLj®bj®Cj. One writes R(T) = r. The rank of a tensor is a measure of 

its complexity. Rank is not semi-continuous - the limit of a sequence of tensors of rank r need 
not have rank at most r. To rectify this situation, define the border rank of T G A^-B^C to 
be the smallest r such that T is a limit of a sequence (possibly constant) of tensors of rank r, 
and write R(T) = r. The border rank is often used as a substitute for the rank in measuring 
complexity. (If one is interested in questions such as the exponent of matrix multiplication, it 
| does not matter whether one uses rank or border rank.) From an algebraic perspective, the set 

of tensors of border rank at most r is the Zariski closure of the set of tensors of rank at most 
r and is denoted a r := a r (Seg(FA x FB x PC)) C A®B®C. (The variety a r is familiar in 
algebraic geometry, the cone over the r-th secant variety of the Segre variety.) The set d~ r is 
by construction an algebraic variety, and thus membership in it can in principle be tested by 
testing the vanishing of polynomials. To do this one must first find the relevant polynomials. 
Often one can describe explicit polynomials that by construction vanish on a r , but a difficulty 
arises in showing that the polynomials do not vanish identically. This was the case for the Young 
C$ [ flattenings of [7] . 

By [7] the size ( n ~ 1 }r + 1 minors of 

(1.1) T^ p : A P A®B* -> K P+1 A®C, 

where a% A • • • A a p ®j3 \- > a\ A • • • A a, p A T(/3) (note that T{j3) G A(g)C)), vanish on elements of 
a r {Seg{FAxFBxFC)) up to r = [^]. If n = 2p+l, ^ = 2n-2+^ and if n = 2p+2, then 

= 2n — 4+ -^2, so they potentially give equations for a r up to r = 2n— 1 when n is odd and 
r = 2n — 3 when n is even. In [7] it was shown these equations are nontrivial (i.e., do not vanish 
identically) up to r = 2n — by showing they did not vanish on the matrix multiplication 

tensor M m G C m ®C m ®C m , and as a result giving the bound R(M m ) > 2m 2 — m. (Here 
n = m 2 .) The main purpose of this article is to close the gap: 

Theorem 1.1. When n is odd and equal to 2p + 1, the maximal minors of (1.1) give nontrivial 
equations for a r (Seg(F n ~ 1 x p™^ 1 x P n_1 )), the tensors of border rank at most r in C n ig>C n <g>C n , 
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up tor = 2n — 1. These also give equations up tor = 2n — 3 when n is even. In fact the maximal 
minors do not vanish on the explicit tensors T n (A) G C"'<g>C n <g>C ri of (2.1) when n is odd, and 
the same tensors padded by zeros give the bound when n is even. 

These are the largest values of r we know how to test for, namely tensors that fail to satisfy 
the equations for injectivity of (1.1). 

2 2 2 

Corollary 1.2. Let M n G C™ <g>C ra <g>C n denote the matrix multiplication operator. Then M n 
satishes the known nontrivial equations for the variety of tensors of border rank 2n 2 — n + 1, 

What is known regarding lower bounds is R(M n ) > 2n 2 — n [7] and R(M n ) > 3n 2 -4n 3 / 2 + n 
[4]. Asymptotic upper bounds on the order of n 2 (see e.g., [14]) are know for both. Very few 
concrete upper bounds are known: R(M 3 ) < 23 [3], R(M 2fc ) < 7 k [12], and R(M 3 ) < 21 [10]. 

In [1] (also see [13]), setting n = 2 k , they give an explicit sequence of tensors T n G C fe+1 <g>C n (g>C n , 
see (3.1), of rank 2n - 1 and explicit tensors T' n+l G C n+1 ®C" +1 ®C n of rank 3(n + 1) - fc - 4, 
see §4. Their tensors may be defined over an arbitrary field. 

Proposition 1.3. Let n = 2 k . The tensors T n G C fc+1 <g>C n (g>C n of (3.1) have border rank n, 
i.e., R(T n ) = n < R(T n ) = 2n - 1. 

Proposition 1.4. Let n = 2 k . The tensors T' a+1 G C n ®C n+1 ®C n+1 of §4 satisfy n + 1 < 
R(^ +1 ) < 2(n + 1) - 2 - A; < R(T^ +1 ) = 3(n + 1) - 4 - *. 

The maximal rank of a tensor in C n (8)C n (8'C n is at most n 2 , although it is not known if this 
actually occurs. The maximal rank of a tensor in C 2 <S>C n ®C n is [^] The maximal border rank 

of a tensor in C n ®C n (g)C n is [g^] for all n ^ 3 and five when n = 3 [11, 8]. Results of Raz [9] 
indicate that it may be difficult to write down explicit tensors of large rank. 

Acknowledgements. I thank L. Manivel and G. Ottaviani for useful conversations. 

2. Proof of Theorem 1.1 

Let a_ p , . . . , dp be a basis of A, b\, . . . , b n a basis of B, and c±, . . . ,c n a basis of C. 
Let Aj ;U be numbers satisfying open conditions to be specified below. (They may be chosen 
to be integers.) Consider 

(2.1) T ntP (X) : =a ®(6iOci + • • • + b n ®c n ) 

+ ai<8>(6i®C2 + 62<X , c 3 H 6 n _i<gic n ) 

+ a 2 <8>(6i<g)C3 + &2®c 4 H b n -2®c n ) 

+ : 

+ a p (g)(6i(g)Cp + i H 

+ a_i<g)(Ai ) i6 p+ i(g)ci H h Ai in _ p & n (g)c n _p) 

+ a-^^.i Vf2®ci H h A 2 ,ri- p -i6 n (g)c„_p_i) 

+ : 

+ a_p + i<g)(Ap_i i i63(g)Ci H h Ap_i i „_ 2 &„(X'c„„2) 

+ a_p(g>(Ap i i62(X'Ci + 6 3 (g)C2 H A Pin _i6 n <8)c n _i). 

When n = 2p + 1, write T n (A) = r 2 p + i iP (A). 

Write T = and use x o ■ B* -> C to identify C with £*. Then, by [4], (1.1) is 

injective if and only if 

det(pQ,XJ)^0 
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Notice that our choice of bases and Xq gives a grading to gl(B) such that Xj £ Ql(B)j and 
[di,9j] G fli+i- 

Thus, omitting the zero index, [Xj, Xj], is an n x n matrix that is zero if i,j are greater than 
zero, and otherwise zero except for the (i + j) — th diagonal, all of whose entries are nonzero as 
long as for each fixed i, the Aj jM are distinct as u varies. Writing the 2np x 2np matrix, ordered 
p,p — 1, . . . , —p, as four equal square blocks, the first block is zero, and the its determinant is 
thus, up to sign, the square of the determinant of the lower left block. We now consider this 
block. 

For example, when p = 2 and n = 5 we get (blocking 2, 1, —1, —2 for both rows and columns) 
the lower left four blocks are: 



[X 2 ,X. 



[x 2 ,x_ 2 ] 



[*l,*-l] 
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A 2 ,3i 0/ 



[x u x. 



Consider the first column of the pn x pn matrix (pQ,X_fc]), 1 < i,k < p. All the entries are 
zero except the first entry of the lowest block, i.e., the entry in the slot ((p — l)n + 1, 1), which 
is A P) i. 

Now consider the second column. There are two nonzero entries - the first entry of the second 
lowest block, which is Ap-i^, and the second entry of the last block, which is A Pi 2- The (n + l)-st 
column (first column of the second block) also has two nonzero entries, and they occur at the 
same heights, the entries are respectively Ap-^i and A Pj i. Thus these two columns contribute 



det 



Ar 



P- 



p ' 2 I to the determinant. 



-1,2 

Consider the third column. If p > 2, there are three nonzero entries, the first of the third to 
last block, the second of the second to last block, and the third of the last block. The second 
column of the second block and the third column of the third block all have the same nonzero 
entries. The result is a contribution of 
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If p = 2, there are two nonzero entries, and one gets a contribution of det 



to the determinant. 

Al,3 — ^1,1 Ai 5 2 — Ai 5 i 
^2,3 — A2,l A2,2 — A2,l 

There are three more contributions to the determinant of the lower left large block in this case, 
namely 



det ft 1 ' 4 " ^ 2 " A % 2 )det(~ Xl 't ~? 2 ' S V-Ai4). 
\ A 1,3 — M,2 M,3 — M,2/ \M,4 — M,3 —M,iJ 

In this case it is clear that for a general choice of Ajj the determinant is nonzero. 

In general, considering the i-th. column, for i < p, there is a contribution of the determinant 
of an i x i matrix whose (s,i)-th entry is \ p -i+i+ s ,i+t, or \ p -i + i +s ,i+t ~ \ p -i+i +s ,i+t+i, or 
— A p _j+i+ Sj j+t+i. For i > p one gets p x p matrices until they start shrinking in size. 

In all cases, for any given minor of size / that appears, it will have a unique term with 
coefficient plus or minus one on Ilg =1 Ap^j+i_ Si j+ s , so for a generic choice of A Ui j it will not 
vanish. Thus for a generic choice no minors will vanish, which means that their product, the 
determinant, will not vanish either, proving the theorem. Note that we can choose the \ tU to 
be integers. 

Remark 2.1. The sum of the first p + 1 terms in T n (A) has border rank n (see the discussion 
below), so one might obtain a sequence of higher complexity by inserting constants in these 
terms as was done for the last p terms. However at the moment we have no way to measure 
such higher complexity. 



3. The tensors T n of [1] 

I restrict to the case n = 2 k because the other cases are similar only padded with zeros. In 
[1] they define tensors T n G C fc+1 <g>C n <g>C n = A®B®C by 

(3.1) T n : 



i>i<8>ci H 1- b n - 

+ ai<g)(6i<g)c n ) 

+ a 2 (g>(&i<8> c n— 1 + 02®C n ) 

+ a 3 <g>(&i<g>c n _ 3 + b 2 ®c n -2 + bz®c n -i + 

+ a 4 <g>(&i<g>c n _ 2 3+i "I 1" b 2 z®Cn) 

+ : 

+ a k ®(bi®c n ^-t+i H V b 2 k-i®c n ). 



Here I have changed the indices slightly from [1]. 

For example, when k = 3, in matrices, this looks like: 



T S (A*) 



ao 



ao 



ao 



a3 

a3 

a2 a 3 
\ai a 2 03 



ao 



ao 



ao 



ao/ 
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Note that if we change bases and write the tensor as 

(3.2) T n :=a o 0(6n<^ci H h &i®c n ) 

+ ai<g>(6 n <g>c n ) 

+ a 2 ®(b n ®c n -i + 6 n _i(g>c n ) 

+ a3®(^n<^C n _ 3 + 6 Tt _i<g>C n _ 2 + 6 n _ 2 <8>C n _i + & n _ 3 (g>C n ) 

+ a 4 (g)(6 n <g)c„_ 2 3 + i H h b n _ ii+1 ®c n ) 

+ : 

+ afc®(^n®C„_ 2 fe-i+l H 1" &„- 2 fc-l+l®C„). 

With the identification 6j = e,-, we obtain T n G ^4(g)5 2 5. 

Proo/ of Proposition 1.3. Here is an explicit curve T n (i) such that lim^o7n(*) = ?n- I explain 
below how it was found. I use (3.2) with bj = Cj to obtain a partially symmetric tensor. 

(3.3) 
T n (t) = 

^{(ao + t n - 2k ~\ k + t n - 2 ^ 2 a fc _i + • • • + e- 1 ^)^ + + t 2 c„_ 2 + ■ ■ ■ + £" _1 ci) 02 

+ (-a + t n ~ 2k ~\ k + t n - 2fc_2 a fe _i + t ra ~ 2 a 2 )®(-c n + te„_i - t 2 c n „ 2 + ■ ■ ■ + t n_3 c 3 - t n ~ 2 c 2 

+ (ao - t n - 2k -\ k - t n - 2fc " 2 a fc _i + • • • + r- 4 a 3 )^(c n - te n _! + t 2 c n _ 2 + • • • + t n - 4 c 4 - t n - 3 c 3 ) 02 

+ : 

- a (£>c n (g>c n } 

where each term has the highest power of t occurring to one power less than the previous. Except 
for the first term, the signs of the coefficients are determined by parity - all even exponents have 
the same sign in each expression, as do all odd. □ 

To see how to deduce the result without an explicit curve, write T n = ^a^Xj. Use Xq to 
identify C ~ B*, then [X^X,] = for all < i,j < k. In other words, using ao to identify 
C ~ B* , T(A*) C Ql(B) is an abelian sub-algebra. If this abelian sub-algebra is also diagonal- 
izable, or the limit of a sequence of diagonalizable subalgebras, then R(T n ) = n, see [5, §7.6.5]. 
Let Red(n) C G(n, Ql(n)) denote the Zariski closure of the set of diagonalizable subspaces, where 
G(n, gi(n)) denotes the Grassmannian of n-planes in gl(n), the space of endomorphisms of C n . 
As observed in [6], Strassen's equations detect abelian subspaces of G(n, gt(n)) and a tensor 
will have border rank n if it is a limit of diagonalizable subspaces, i.e., if it is an element of 
Red(n). Similarly, a concise tensor T G C fc <S>C n <S>C n satisfying Strassen's equations will have 
border rank n if T(C k *) C 0l(n) is contained in a subspace of an element of Red{n). One can 
deduce Proposition 1.3 immediately at this point because, as L. Manivel (personal communica- 
tion) observes, Red(n) always contains the centralizers of regular elements, in particular regular 
nilpotent elements. The images T n (C k ) always are contained in the centralizer of the regular 
nilpotent element with l's below the diagonal and zero's elsewhere. (This centralizer consists of 
lower triangular matrices whose entries are constant on the band diagonals.) 

The explicit curve was found as follows: In general, for a projective variety X C PV, let 
x G X be a point such that the only nonzero projective differential invariants are the projective 
fundamental forms (see [2, §2] for the definition of projective differential invariants and more 



6 



J.M. LANDSBERG 



detail regarding this construction). Then by taking r — 1 curves limiting to X, one obtains 
a point of cr r (X) of the following form: choose a splitting of the osculating sequence V = 
x®T©A^2®- • -(BNj, so the k-th fundamental form may be identified with a map F/% : S k T — > N^. 
Then the points are obtained by choosing r — 1 vectors vi, . . . , v r -\ G T and the limiting point 
is 

r-1 _ L^J 

k=l ifc=r— 1 i=l 
When X is the triple Segre product these tensors look like: 

r T 

1 ai<g)6i(g)ci 

2 ai<8>&i<8>C2 + ai<g)&2®ci + a2®6i®ci 

3 ai<g)&2®C2 + a2<8>&2®ci + a2®bi<g>C2 + ai®&i®C3 + ai<g>&3®ci + 03®6i®ci 

4 Cl2<3b2<3C2 + ^ a cr(l) ( X , &a(2) ( X ,c a(3) + a 4 (g>&i(g>Ci + ai<g)&4<g)Ci + ai<g>&i<g)C4 



In terms of T(A*), one gets 



,n-2 



V 



71-1 
71-2 

ra-3 



a" 
a r ' 



a 




a 




If in the derivatives, we set the terms corresponding to ctj all equal to zero except for j 



n,n — 1, n — 3, n — 7 = n- 
form for T n , we obtain T n . 



2 J + l,...,n- 2 s + !,..,! 



n 



2+1, and then us the symmetric 



4. The tensors T r ' t+1 of [1] 
In [1], they also define tensors in C n+1 (8>C n (8>C n+1 by enlarging the matrices to have size n + 1 



and adding vectors with a single nonzero entry in the last column. For example, when k 
n = 8), one gets 



3 (so 



( «o 



03 

\a\ 



a 



as 



a.2 



a 



as 



a 



a 



a 



a 



a 4 \ 



J 



a 3 a 

+ 1 (g)C n+1 (8'C n+1 by adding zeros. These tensors have rank 
3n — 2H(n — 1) — |log2(^ — 1)J — 2, where H(m) is the 
number of l's in the binary expansion of m, so the rank is best if n — 1 = 2 k , in which case 
R(r^ +1 ) = 3(2 fc + 1) - 4 - k. The border rank is smaller. Write T^ +1 = T n + T% where 



which they express as a tensor in 
close to 3n, to be precise R(T^) 
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T£= (o fc+ i®6i + a fc+ 2®62 + --- + a„(8)6 n _ fc )(8)c l , + i. Thus MK+i) <R(T„) + R(T^') = n + n-/c. 
I expect the actual border rank to be lower. 
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